Integration in terms of real quantities is accomplished for 33 integrands that are rational except for the square root of a cubic or quartic polynomial with exactly one pair of conjugate complex zeros. Formulas are provided by which 45 more integrals of the same type can be expressed in terms of real quantities with the help of earlier papers. Neither limit of integration is assumed to be a singular point of the integrand. All the integrals are reduced to Ä-functions, for which Fortran programs are available. Most of the integrals are not listed in other tables.
Introduction
This paper treats integrands that are rational except for the square root of a cubic or quartic polynomial with exactly one pair of conjugate complex zeros. References All seven of these integrals have p2= p3. In § §2 and 3 we consider integrals in which p2 = p¿ but a2 + b2t and a^ + b^t are conjugate complex:
(1.4) [px,p2,p2,p4,p5]= [\f+gt + htYJ2 n Ißi + btf^dt, where all quantities are real, x > y , f + gt + ht > 0 for all real t, px and p2 are odd integers, p4 may be odd or even, and p5 is even (zero if p4 is even). Section 2 contains quartic cases (p4 odd) and §3 contains cubic cases (p4 even). Proofs are given in § §4 and 5. All integral formulas have been checked by numerical integration; some details of the checks are given in §6. We assume that the integral is well defined, possibly as a Cauchy principal value, and, in particular, that ai + bf > 0 for y < t < x if ps is odd. The formulas of [4, 5] still hold but contain a2, b2, and their complex conjugates. The goal is to rewrite these formulas in terms of real quantities.
The integrals /, , I2, ... , Iic are expressed in terms of four .R-functions:
i r°°( 1.5) RF(x,y,z) = -j [(t + x)(t + y)(t + z)fl/2dt,
•} /•OO (1.6) RJ(x,y,z,w) = ^J [(t + x)(t + y)(t + z)]-xl2(t + w)-{dt, and two special cases,
(1.7) Rc(x,y) = RF(x,y,y) and RD(x, y, z) = Rj(x, y, z, z). [4, 5] , where the odd p 's are always in descending order.
Table of quartic cases
All quartic cases are reduced to the integrals /, , I2, 73, and 1^. We assume x > y , a, +bj > 0 and a4 + b4t > 0 for y < t < x , and f + gt + ht > 0 for all real /. The first set of definitions will apply in §3 to cubic cases also: (2.1) Xt = (a, + V)1/2, Yi = (a, + b,y)i/2, du = aJb} -afr,
3) c)s = 2fb,bj -g(albj + ajbA + 2ha¡a¡, (2.4) t\ = (f + gx + hx2)X'2, r, = (f+gy + hy2){/2, (2.5) A(px ,p2,p2,p4, ps) = <'iP2*W -y.V^X5- When a5 = 1 and b5 = 0, the quantities W , Q, and P reduce to by using (2.13) to (2.17) and usually doing a small amount of algebra to express coefficients involving a2, b2, a3, b3 in terms of /, g, and h. To aid in doing so, we list several identities: b2b} = h , d2idv = hb2Vil = 4/2, d¡} = h2r22i = -Ô2, 
The coefficient of 73 has been slightly simplified by using the identities 
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Four integrals of the third kind with p5 = 0 or 2 and ¿Zp¡ > -2 involve 73
but not 73 :
(2.29)
(2.32)^/ 5-r^,M45/u14;l/4l.11i1j/Tt/ll/4 + 65^(1, 1, 1,-1)/V4.
In the last integral, a5 and ¿>5 are unrestricted. Six more quartic cases with p5 = -2 or -4 involve 73, and the three with Y,Pj > -2 involve 73 also:
-4/1(1, 1, 1,-1,-2)1/4^I S" 3. Table of cubic cases In addition to (2.1) to (2.5), the following definitions are used in cubic cases. They are obtained from (2.6) to (2.16), with omission of (2.10), by putting a4 = 1 and b4 = 0 and subsequently replacing (a5, b5) by (a4, b4) : + 2RC(P2,Q2).
When one limit of integration is infinite, the integral (1.1) with T[ b¡ ^ 0 converges only if J^p < -2 . To allow for the possibility of an infinite limit of integration, integrals with ¿Zp¡ < -2 should not be reduced in terms of I2c, which has ¿^lp¡ = -1 by (1.3). In [5] an integral called J2c was used in such cases, but in the present context J2c is complex and is replaced by 
The basic integrals
To derive the expressions given in § §2 and 3 for the seven integrals 7, , I2, ... , I3c in terms of real quantities, it suffices to deal with 7, and 73 because the other five can be obtained from these. Although Ix was treated in [2], we shall redo it here to have uniform notation and to prepare for 73.
By [4, (2.13), (2.2), (2.3)] we have = 2fb¡bj -g(aibj + a/,) + 2hafir
We note that the arguments of 7?^. in (4.4) differ by amounts that are independent of x and y . The assumption that f+gt + ht' > 0 for all real / implies 2 2 / > 0, h > 0, and g -4fh < 0. Hence, cu is a positive definite quadratic form in the variables a¡ and bi, and so we may take cu to be real and positive. The integral 7, has now been expressed in terms of real quantities. Although the transformation (4.4) is unnecessary unless f+gt + ht has complex zeros, it can still be used if f + gt + ht has real zeros that do not interlace the zeros of (a, + bxt)(a4 + b4t). If they do interlace, the last member of the equation We are free to choose (dX4/dX5) to be dx4/dX5 regardless of the sign of the latter quantity because (4.14) still holds if W and W are interchanged (see the remark following [6, (8.5)]). Substitution in (4.14) and then in (4.12) leads to (2.15), wherein UX4 is abbreviated to U. In 73 we put a5 = a4 and b5 = b4 to get 72, or a5 = 1 and b5 = 0 to get 73. To obtain IXc, I2c, and 73c from 7,, 72, and I3, we put a4 = 1 and b4 = 0 and subsequently replace the subscript 5 by 4. The quantity N2c is defined by (4.18) c2xlN2J2 = hI2c-2bxA(-l, 1, 1).
Both terms on the right side become infinite if one limit of integration is infinite. Substitution of (3.9) and use of the identity The last equation is used in (2.19).
Use of recurrence relations
The 16 quartic cases (2.23) to (2. 
